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Telephium repens folio non decHua. C* B. P, 
287- 
1646 Thaliiftmtn minu^ altemm Parifienfium Mm 

craffioribus et lucidis. H. R. Par. 
1^47 Tithymalus maritimus* C. B. P. api, 

Tkhimalus paralms. J. B. 3. 674. 
1648 Trifolium Bitumen redolens. C B. 327. 
1 64P Trifolium Bitumen redolens anguftifolium^, 
Boer. Ind. Alt. a. p. 31. 
Trifolium bituminofum arboreum anguftifo- 
lium ac fempervirens. Hort. Cath. 
1 6fO Virga aurea Ganadenfis foliis carnofis non fer- 
ratis latioribus. Hift. Oxon^ 
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XIXs j4 Lemr to the Right Honourable 
George Earl of Maeclesfieki ^ Prefident of 
the Royal Society, on the Advantage of 
taking the Mean of a Number of Obfer-- 
vationsy in praBical Aflromm^ : By 
T. Simpfon, K R. S* 

My Lord^ 
Read AprU io,Y T 18 wqlL fcnowrn to youf Lordfhip, 
*75S- Jl^ tj^^t the method pr^aftifed by aftrono- 
mers, in order to diminifh the errors arifing from the 
imperfedions of inftruments. and of the ©rgaro of fenfe^ 
by taking the Mean of feveral obfervations, has not 
been lb generally received, but *hat fome perfons, of 
Gonfiderabie note^ ha?e been of opinion, and cwi^ 
publickly maintained^ that one fingle obfervation. 
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taken with due care, was as much to be relied on a$ 
the M^ an of a great number. 

As this appeared to me to be a matter of much 
importance, I had a ftrong inclination to try whether, 
by -the application of mathematical principles, it 
might not receive fome new light j from whence the 
utility and advantage of the method in pradice might 
appear with a greater degree of evidence. In the 
profecution of this defign (the refult of which I have 
now the honour to tranfmit to your Lordfhip) I have» 
indeed, been obliged to make ufe of an hypo^hefis, 
or to affume a feries of numbers, to exprefs the 
refpedive chances for the different errors to which 
any fingle obfervation is fubjedt ; which feries, to me, 
feems not ill-adapted : but thia I fliall fubmit intirely 
to the judgment of your Lordfhip, who have made 
fo great a number of obfervations, at your feat at 
fihirburn j where, to the beft coUedion of mathe- 
matical books, your Lordfliip has added a more 
complete fet of aftronomical inftruments than (per- 
haps) are to be found in the poffeffion of any noble- 
man in Europe. 

Should not the affumption, which I have made 
life of, appear to your Lordfhip fo well chofen as 
fome others might be, it will, however, be fufficient 
to anfwer the intended purpofe : and your Lordfhip 
will find, on calculation, that, whatever feries is 
affumed for the chances oif the happening of the dif* 
ferent errors, the refult will turn out greatly in fa- 
vour of the method now praftifed, by taking a 
mean value. But I fhall no longer detain your Lord- 
fliip with general obfervations, but proceed to the 

M z matter 
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matter propofed ; which I fhall confider in the fol- 
lowing propofitions. 

Proposition I. 

Suppofing that the feveral chances for the dijfFerent 
errors that any fingle obfervation can admit of, are 
expreffed by the terms of the progreffion r-^...-. 
^—3^ r-'V^^ ^% ^% ^% r^---- r^ (where the 
exponents denote the quantities and qualities of 
the particular errors, and the terms themielves the 
refpedtive chances for their happening) : ^tis pro- 
pofed to determine the probability, or odds, that 
the error, by taking the Mean of a given num- 
ber (») of obfervations, exceeds not a given quan- 

It i^ evident, from the laws of chance, that, if 

the given feries, r"^ •4- ^'^^ + ^~"^ + ^'^^ + ^"^ 

-f r' + ^* + ^^ • - - + ^^ expreffing all the chances 
in one obfervation, be raifed to the «th power, the 
terms of the feries thence arifing will truly exhibit 
all the different chances in all the propofed (n) ob- 
fervations. In order to raife this power, with the 
greateft facility^ our given expreffion may be reduced 

to r"~'' X : whereof the n^^ power (making 



w=2V'^i)^ will be r-''"^xi-^r'^f xi — rj "> 
which, expanded, becomes 

multiplied into 

Now^ 
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Now, to find from hence the fum of all the 
chances whereby the excefs of the pofitive errors 
above the negative ones can amount, precifely, to a 
given number niy it will be fufficient (inftead of mul- 
tiplying the former feries by the whole of the latter) 
to multiply by fuch terms of the latter, only, as are 
neceffary to the produdtion of the given exponent m^ 
in queftion. Thus, the firft term (r"^'^) of the 
former feries is to be multiplied by that term of the 
fecond, whofe exponent is nv-{-my in order that the 
power of r^ in the produd, may be r** . But it is 
plain, from the law of the feries, that the coeffi- 
cient of this term (putting «'y + ^==S^) will be 

!!.li:£.f±2 (^)^ J being the number of fad:ors ; and 

12 3 

confequently, that the produdt under confideration 
will be ^^2ii»2i? {q)y>r\ Again^ the fecond term 

of the former feries being .^nf^"-^^ the exponent 
of the correfponding term of the latter will be 
"■^w-Ynv-^-m (=§' — w^ and dierefore the term 

itfelf equal to --X-.-Iil. (j^ — w)v.r^^^\ which^ 

drawn into — /^r""*^"*^, gives -'^i^-^lt? (^ — ^j^^^^x — nr^^^ 
for the fecond term required. 

In like manner, the^ third term, of the produ(ft, 
whofe exponent is ^, will be found -'^ii.!!!!!? {^q.^f^'w^ 



3. 



n n 
X- 



-• r'": and the fum of all the terms having the 

fame given exponent {m) will confequently be 
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, n nA-i «4-2 / X « «— t - 

' I 2 3 ^^ ^12 

12 3 VI «^ / J 2 3 

From which general expreffion, by expounding 
»^ by o, 4-1, —i, 4. 2^—2, &c. fucceffively, the 
fum of all the chances^ whereby the difference of 
the pofitive and negative errors can fall within the 
propofed limits, will be found ; whidi, divided by 

r~^* X 1— -.r^j" X 1— r|~^, will give the true meafure 
of the probability required : from whence the ad- 
vantage of taking the Mean of 'feveral obfervations 
might be (hewn : but this I ftiall exemplify in the 
next propofition ; which is better adapted to the 
purpofe, and to which this is premifed, as a Lemma* 

Remark. 

If r be taken = i, or the chances for the errors in 
excefs and defed be fuppofed exadly the fame; 
then our expreffion, by eiqpnnging the powers of r, 
will become the very fame with that (hewing the 
chances for throwing tz + j^ points with n dice 5 each 
die havmg as many faces (te?), as the refult of any 
one fingle obfervation, can come out different ways. 
Which may be otherwife made to appear, indepen- 
dent of any kind of calculation, from the bare con- 

fider- 
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fideration, that the chances for throwing prcciiely 
the number m^ with n dice, whereof the faces, of 

each, are numbered — v — 3, — ^ 2, *— i, o, 

+ 1, +2> +3> \'VyXAnik be the very fame as 

the chances whereby the pofitive errors can exceed 
the negative ones by that precife number ; which laft 
are, evidently, the fame as the chances for throwing 

precifely the number -y+i. ^-f^ (or ;^+f) with 
the feme n dice, when they are numbered in the com- 
mon way, with the terms of the natural progreffion 
I, a, 3,4, f, &c. : becaufe the number upon each 
face being, here^ increafed by 1; + i , the whole in- 
creafe upon all the n faces will be exprefled by 

^+ i.n \ fo that there will be now the very fame 

■ III r in II •■ 

chance for the number -y 4* i- ^ + ^^ 2s there was 
before for the number m*, jdnce the chances for 
throwing any faces affigned will continue the fame, 
however thofe faces are numbered. 

Proposition IL 

Suppofing the refpedive chances, for the different 
errors which any fingle obfervation can admit 
of, to be exprefled by the terms of the feries 

r^ + ir^"^ + 3r^-^ • - • . ^ Vv+ i^ro - • ^ 

^^r^^^^%f^^+r^ (wherec^ the coefficients, 
from the middle one (^+ 1)> decreafe, both ways, 
according to the terms of an arithmetical progref- 
fion) : 'tis propofed to determine the probability, 
or odds, that the error, by taking the Mean of a 
given number (/) of obfervations, exceeds not a 

given (quantity fj^, 

Purfuing! 
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Purfuing the method laid down in the pre- 
ceding problem, the fu m of th e feries here givea 

will appear to be r"~'^ x -"====:; (being the fame 

I— rj 

with the fquare of the geometrical progreffion 

^— 1^ X 1+^+^*+^^ h^'^)i and the t^^ power 

thereof, by making n — z t^ and *3:e^ = i:;4- 1. will 

therefore be given = r^^'^ x i~-r^j'' x i— r|""" =: 

multiplied into 

Which feries being the fame with thofe In the 
preceding problem (excepting only that the expo- 
nents of the former of them are expreiSed in terms 
of if, inftead of «), it is plain, therefore, Uiat if jr be 
mz.6&—tv-^m (inftead of wv+w), the conclufion, 
there brought out, will anfwer equally here : fo that 
the fum of all the chances whereby the excefs of 
the pofitive errors above the negative ones, caa 
amount to a given number w, precifely, will be truly 
reprefented by 

-•-— .«i- (q) X r« 
«p«^. .X-* «i-. (^—iifir) %nr^ 

, « «+I «+2 /^ ^ V » »— I _«. 
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« «+I iB+2 ,^ ^_, V ^ » »— .1 W—2 _ 
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But this general expreflion, as feveral of the fadors 
deftroy each other, may be transformed to another, 

which is more commodious. Thus -.^^H-Mllif^V 

in the firft line, will, by breaking the numerator and 
denominator into two parts, become 

w, «+l. «+2« ^^+3- qXq'^l,q~\-2. ^+3. ^-f-^ — j 

. — , .. . : 

!• 2. 3. 4. «. «-4-i.«+2. w+3' q 

which , by equal divifio n, is reduced to 

q. q+l. q4-2 q+n — i g^n—l. q+n — 2 ^ q 

I. 2. 3. n—i ~ I. 2 «— I ~ 

tll.P:zl.tzI (;,_,) . fuppofmg/) i-=g+n) =fv+ 

In the very fame manner, making q=^q — w^ and 
/(=.y'+») =/— ^, it appears, that Y±L.'^ 

{q-^) = ^^^^ {n-i ), Gf^- &c. 

and confcquently, that our whole given expreflion 
(fuppofing/ = /~2ie;, />'" = /~j'Z£;, &c.) will be 
transformed to 

* I 2 3 ^ ^ 

P* — I P' — 2 P'— 3 / X 

I 2 3 V J 

» I 2 ^ ^ '12 



/>'/' — I *"^_2 z^'"^— 3 , V « «—i «— 2 

-««C .i: .£ ^(;2— .i)x-.» . 

I 2 3 ^12 3^ 

Which exprefllion is to be continued till the faftors 

become nothing, or negative ; and which, when 

Vol. 49* N r^i^ 
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r = r, Will be the very fame with that exhibiting 
the number of chances for /> points, precifely, with 
71 dice, having each w faces : and in this cafe, where 
the chances for the errors in excefs and defed are the 
fame, the folution is the moft fimple it can be; fince, 
from the chances above determined, anfwering to 
the number /, precifely, the fum of the chances for 
all the inferior numbers (inclufive) may be readily 
obtained ; being given (from the Method of Incre- 
ments) equal to 

^12 3 4 ^ ^ 

12 3 4 ^ ^ 

p'f pif^i pff—2 f—2 . s n n—i 

^12 3 4 ^ ^ I 2 

/^^ />/"_i p'^'—% ^'"—3 , X n n—i »— 2 
I 2 3 4 ^ ^ I 2 3 

The difference between which and half {isf)^ the 
fum of all the chances, (which difference I ihall de- 
note by D), will confequently be the number of 
the chances whereby the errors in excefs (or in de- 
fed) can fall within the given limit m: fo that 

— - will be the true meafure of the required proba- 

bility, that the error, by taking the Mean of t ob- 
fervations, exceeds not the quantity ~, propofed. 

To illuflrate this by an example, from whence 
the utility of the method in pradlice, may clearly 
appear, it will be necefTary, in the firfl place, to 
affign fome number for Vy expreffing the limits of 

the 

I 
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the errors to which any obfervation is fubjed, Thefe 
limits, indeed, depend on the goodnefs of the inftru- 
ment, and the fkill of the obferver ; but I ihall fup- 
pofe here, that every obfervation may be relied on to 
f feconds ; and that the chances for the feveral er- 
rors, -f, -4^ -3", ~2'>i^ o'; +i\ +z\ 

+i% +4^ +f"> included within the limits thus af- 
figned, are refpedively proportional to the terms of 
the feries i, 2, 3, 4, f, 6, 5, 4, 3, 2, i : which 
feries feems much better adapted than if all the terms 
were to be equal, fince it is highly reafonable to fup- 
pofe, that the chances for the diflfercnt errors de- 
creafe, as the errors themfelves increafe. 

Thefe particulars being premifed, let it be now 
required to find, what the probability, or chance, for 
an error of i, 2, 3, 4, or y feconds will be, when (in- 
ftead of relying on one) the Mean of fix obfervalions 
is taken. Here, then, v being =5, and /=6, we have. 
n (==2/) =12, w (=i;4-i) =6, and^ (^^ztv-^n-^-m) 
=42+m : but the value of m, if we firft feek the 
chances whereby the error exceeds not i fecond, will 

be had from the equation - = +15 where either 

fign may be ufed, but the negative one is the moft 
commodious: from whence we have m{=-'t) = 
•—65 and therefore ^=36, ^=30, />'=24,/>" = i8, 
&c. which values being fubftituted in the gene- 
ral expreflion above determined, it will become 
3^ 35 34 / N 30 20 28 / . , 24 23 22 , X 

66 — — ..i/.L (12) X 220 = 29p5'76368 : and this 
123 

fubtrafted from 1088391168 (= » x d'^), leaves 
788814800, for the value of D correfponding. 

N 2 There* 
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Therefore the required probabiUty, that the error, by 

taking the Mean of fix obfervations, exceeds not a 
fingle fecond, will be truly meafured by the fradioa 

1 088 '^Q 1 1 68 ^ ^^^ confequently the odds will be as 

788814800 to 299^76368, or as 2jto i, nearly. 
But the proportion, or odds, when one fingle ob- 
fervation is relied on, is only as 16 to 20, or as t% 
to I .-— To find, now, the probability, that the re- 

fait comes within 2 feconds of the truth, let 

be made = — 2 -^ fo fhall ^ (= — a /) ==— 1 2 ; and 
therefore /^=30, /==24, /?''== 18, &c. And our 
general expreffion will here come out =: 36079407 5 
and confequently D = 105231 1761 : whence 

io88^Qu68 ^^^^ ^^ *^^ '^^^ meafure of the probabi- 
lity here fought 5 and the odds, or proportion of 
the chances, will therefore be as 1052311761 to 
36079407, or as 29 to I, nearly. But the propor- 
tion, or odds, when one fingle obfervation is relied 
on, is only as 2 to i : fo that the chance, for an 
error exceeding 2 feconds, is not tV part fo great 
from the Mean of fix, as from one fingle obferva- 
tion. And it will be found, in the fame manner^ 
that the chance for an error exceeding 3 feconds, will 
not be ToW o part fo great from the Mean of fix, as 
from one fingle obfervation. Upon the whole of 
of which it appears, that the taking of the Mean of 
a number of obfervations, greatly diminiihes the 
chances for all the fmaller errors, and cuts ofi^ al- 
mofi: all poflibility of any great ones: which laft 
confideration, alone^ feems fufficient to recommend 

3 the 
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ufe of the method, not only to aftronomers. but to 
all others concerned in making of experiments of 
any kind (to which the above reafoning is equally 
applicable). And the more obfervations or experi- 
ments there are made^ the lefs will the conclufion 
be liable to err, piovided they admit of being repeat- 
ed under the fame circimftances. 

Other examples, and particulars might be added, 
in confirmation of what is here determined ; but as 
I would not appear tedious to your Lordfhip, I here 
conclude, who am, 

Woolwich, My Lord, 

March 4, 1755. 

Your Lordihip's 
moft obedient humble fervant, 

T, Simpfon. 



XX. An Account of the Succefs of Agaric^ 
and the Fungus vinofus, in Amputations : 
By Mr. James Ford, Surgeon^ of BriftoL 

Briftol, March 31, 1755. 

Read April 10, T N jy^^ I had fome pieces of the aga- 
^755- J^ j.jc Qf ^hg Q^}^ brought me from 
France, which I have frequently ufed with fuccefs 
in haemorrhages, particularly once after the opera^ 
tion for the ftone, where a large artery lay Co deep, 
that it could not conveniently be taken up with a 
needle. After the publication of Mr. Warner^s ob- 
fervations, Mr. Thornhill applied it fuccefsfully to 

an 



